Using classical small-deflection theory, an investigation was made of the effects of boundary conditions and initial out-of-roundness on the strength of cylinders subject to external hydrostatic pressure. The equations developed in this paper for initially out-of-round cylinders with clamped ends, and a slightly modified form of the equations previously derived by Bodner and Berks for simply supported ends, were applied to some actual test results obtained from nine steel cylinders which had been subjected to external hydrostatic pressure. Three semiempirical methods for determining the initial out-of-roundness of the cylinders also were investigated and these are described in the paper. The investigation indicates that if the initial out-of-roundness is determined in a manner similar to that suggested by Holt then the correlation between the experimental and theoretical results is quite good. The investigation also indicates that while the difference in collapse pressures for clamped-end and simply supported perfect cylinders may be quite considerable, this does not appear to be the case when initial out-of-roundnesses of a practical magnitude are considered.
Introduction
SEVERAL analyses have appeared in the literature for the elastic buckling of a thin cylindrical shell subject to external hydrostatic pressure (1) . ' The majority of these analyses have been based upon the classical small-deformation theory of thin Bhells and have assumed a geometrically perfect, stress-free structure prior to loading.
The correlation obtained between these theories and experimental results has been good for long cylinders but rather poor for short cylinders. Efforts are currently being made by several investigators to explain the discrepancy between theory and experiment in the short-cylinder range by the use of large-deflection theory. At this date, however, it is not known by how much this discrepancy will be re- For presentation at the National Applied Mechanics Conference, Urbana, 111., June 14-16, 1956, of The American Society or Mechanical Enoineers. Discussion of this paper should be addressed to the Secretary, ASME, 29 West 39th Street, New York, N. Y., and will be accepted until one month after final publication of the paper itself in the Journal or Applied Mechanics. Note: Statements and opinions advanced in papers are to be understood as individual expressions of their authors and not those of the Society.
Manuscript reoeived by ASME Applied Mechanics Division, May 31, 1955. Paper No. 66-APM-9. duced as all the final reports on their work have not been published.
One possible cause for the discrepancy between theoretical and experimental results can be ascribed to the initial out-of-roundness of the cylinders, and a number of investigations, using smalldefleotion theory, already have been made on the effect of initial irregularities on the collapse pressure of cylinders subject to external hydrostatic pressure (2, 3, 4) . As was to be expected, these analyses showed that the initial irregularities reduced the failure pressures below those of the perfect cylinders. However, when these analyses were applied to some models which had been tested experimentally, they predicted failure pressures which were less than three quarters of those observed experimentally. Since these analyses had assumed simple supports at the ends of the cylinders and it was probable that the boundary conditions of the models were Bomewhere between the extremes of simple supports and clamped ends, it was of interest to investigate the reduction in collapse pressure of clamped-end cylinders due to initial irregularities, to see if the assumed boundary conditions would explain the discrepancy between experiment and theory.
Also, the analyses assume that the initial out-of-roundness in the cylinders is similar to one of the modes into which a perfectly circular cylinder of the same dimensions would buckle, and actual shells never satisfy this condition. It thus seemed desirable to investigate the various simplified methods that have been suggested for determining the initial out-of-roundness of the cylinders to see what effect these had upon the computed failure pressure. These methods are described in the paper.
It is also of interest to note that there are other limitations in the existing linearized theories. These are:
(a) The fact that in these problems there usually exist other buckling pressures close to the minimum buckling pressure. ThuB, use ol only that mode of initial out-of-roundneBs which corresponds to the minimum buckling pressure is really only defensible at pressures very close to the minimum buckling pressure.
(6) The simple yield criterion used to predict failure.
This point is discussed under the section entitled "Assumptions Made in Analysis." The authors have not investigated the foregoing factors but hope to do so in the future.
The approach used in this paper is similar to that of Bodner and Berks (3), except that instead of using a Donnell-type equation
Galerkin's method was employed in conjunction with a modified Donnell-type equation.
The initial out-of-roundness pattern assumed by Bodner and Berks was of the form u>n = e sin m cos -(origin at mid-length) while that assumed by the present authors was sin md 1 [l-cos^] (origin at one end of the cylinder). Thus, in both cases, the initial out-of-roundness satisfied the relevant boundary conditions and was also similar in form to one of the assumed buckling modes. The magnitude of the initial out-of-roundness at the ends and center of the cylinder was also the same in both cases.
The Bodner-Berks solution and that presented herein thus represent lower and upper bounds for the effect of initial eccentricities on the collapse pressures of elastically supported unstiffened cylinders, when the initial eccentricities have the same ehape as one of the assumed buckling modes of the perfect cylinder.
While the two solutions are not exact, they should provide good approximations to the exact solutions. One of the limitations of using Donnell's equation is that the number of circumferential lobes should be fairly high, and thus the results will be slightly in error for very long cylinders which buckle into two or three circumferential lobeB.
The final results of the investigation are given in Fig. 2 and in Tables 2, 4, and 5. It can be seen that the correlation between experiment and theory is quite good when method (c) is used to determine the initial out-of-roundness of the models.
[Method (c) is similar to that suggested by Holt (5) .] However, it is not claimed that the results give a complete answer to the problem and more work of both an experimental and theoretical nature is required.
Method of Analysis
The modifications to Donnell's equation brought about by initial eccentricities in the shell have been presented by Bodner and Berks (3), and, prior to them, by Cicala (6). The equations also have been derived by the authors in the Appendix, using a somewhat different approach to that adopted by the previously mentioned authors. For the case of uniform external hydrostatic pressure applied on all sides of an imperfect cylinder the relevant equations are, from Equations [19a] , [196] , [21] , and [24] 
. [1] where h = thickness of shell R = mean radius of shell p = applied hydrostatic pressure E = modulus of elasticity D = Eh'/12{\c ! ) v = Poisson's ratio F = stress function of the total membrane stresses v -{w + R'w)' ™-w u>j m initial radial out-of-roundness ( + inwards) u, v, welastic axial, tangential, and radial ( + inwards) displacements of the imperfect cylinder minus the uniform compression experienced by a perfect cylinder (see Equation [18] in the Appendix).
The subscripts x and 6 indicate partial differentiations with respect to thoBe variables.
The patterns assumed for w and w", and which satisfy the boundary conditions for clamped-end cylinders, were as follows B sin md 1 ;0 fl t] 2ttx1 12] B half amplitude of ui-displacement e -maximum value of initial radial out-of-roundness m = number of circumferential waves L •= Unsupported length of shell x, 6axial and angular co-ordinates If the Expressions [2] happen to be an exact solution of the problem, then they will satisfy the differential equation of equilibrium, Equation [la] , exactly. However, as both w and w" were chosen to satisfy the boundary conditions rather than the equilibrium equation, this, in general, will not be the case. The resulting expression will be a function of x and 6 which we shall denote by Q.
Galerkin's equation for determining the relations between the coefficients B and e is then £7>-.*[i-«?] Rdddx = 0. 13) where t assumes the values 1 , 2, 3 For i^m Equation [3] will be found to be zero identically.
For i = m the following relation between B and e, obtained from Equation [3] , will be found to hold [4] 2 Porp where p", is given by the expression
. 2irR 4._ [5] The smallest value of the buckling pressure of the perfect cylinder p" is found by minimizing Equation [5] with respect to m. A relation similar to that expressed by Equation [5] has recently been presented by Nash (7) using an energy method. A relation similar to-Equation [4] was also obtained by Bodner and Berks for simply supported imperfect cylinders.
Thus, from Equations [2] and [4] , we obtain the following expression for w 2 p«p "[*-?] [6] The bending moments in the shell can then be calculated from the relations r. -d[w " +£*m] f, Dw" + W0" [7] The maximum bending stresses are then given by Cj,~± -(Af,)mu ; <r^-± --(Miinix. [8] To obtain the total normal stresses we now have to add the membrane stresses to Equation [8] . To determine these latter we solve Equations [Id) and [6] for the stress function F (periodic terms only). The total membrane stresses are then given by 2ft R> ' <r~> -
The total normal stresses are obtained by adding algebraically Equations [8] and [9] . The greatest normal stresses occur at mid-leDgth of the cylinder (z -L/2) and where sin md -±1 (trough and crest points of the lobes). At these points the twisting moment A/,j is zero and thus the normal stresses are principal stresses.
The absolute maximum normal stresses occur at the outer shell wall for the trough points.
Having obtained the maximum principal stresses a t and oj in terms of the initial out-of-roundness, the geometric parameters and the applied external hydrostatic pressure, we now employ the octahedral shear-stress criterion of failure (which gives the same results as the Hencky-von Mises criterion of failure), vis.
<T(' + <r.* Oil, [10] where <7, is the yield point of the material. Substitution of the maximum principal stresses <7, and erg in Equation [10] then gives an equation relating the initial out-of-roundness, the geometric parameters of the shell, the yield point of the material and the pressure at which the shell begins to yield p t .
It should be noted that instead of using the yielding criterion given by Equation [10] where <r, and <7» are principal stresses, it is more accurate to use the expression <r$' + <?,* -"»", + 3r, s ».
..[10a]
where now <r" o-j, and t,j are the normal and shear stresses at any point and which are functions of x and 6. Yielding will first occur in the cylinder for those values of x and 6 which maximize the right-hand side of Equation [10a ]. However, to compute these values of x and 8 by differentiation of equation [10a] involves more complications than seem warranted. Trials indicate that the stress condition at the outer shell wall for trough points of a lobe is probably as unfavorable as anywhere else. As mentioned earlier the twisting moment M^is zero at these points and thus Equa-
As we shall later present curves of p" the pressure at which shell yielding commences, versus e/ft, the initial eccentricity-Bhell thickness ratio, for both simply supported and clamped-end cylinders, we have summarized the results obtained in this paper and those obtained by Bodner and Berks in Table 1 . (We have added a few terms to the latter solution, as Bodner and Berks neglected the periodic terms in Equation [9] ). Also, we used the expression w^/R' for the circumferential change in curvature instead of (ww/R* + vs/R) which was used by Bodner and Berks when computing the bending stresses due to initial out-of-roundness. Our expression is consistent with the expression used in deriving the approximate equations of equilibrium for an initially out-of-round cylinder (see Appendix) and also is the same as that used by Donnell in his work on perfect cylinders (8).
The effect of using ww/R' instead of (wm/R* + vg/R) is to eliminate the quantity / which appears in the equations developed by Bodner and BerkB.) It can be seen that the final equation (Equation [12] in Table 1 ) relating the initial out-ofroundness and the pressure to cause first yielding is essentially the same for both clamped-end and simply supported cylinders, except for the factor of 2 required by the definition of e as the maximum initial out>-of-roundness and the slight changes in definition of the quantities K and (9 2tR [11] L [12] h [m 1 + «']'
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Assumptions Madb in Analysis
Besides the approximate strain and change in curvature-displacement relations UBed in the derivation of the Donnell equation for an initially out-of-round cylinder, and the assumption that it is initially stress free, it might be useful to list some of the other assumptions that have been made both in the analysis of this paper and that of Bodner and Berks. These are as followB;
1 That the circumferential membrane stress in the shell is constant along its length and equal to -pR/h, whereas this is actually not the case. 2 The assumption that the initial out-of-roundness is small (with an order of magnitude of one shell thickness) is symmetric with respect to the center line of the shell, and has the same form as one of the buckling modes of a perfect cylinder with the same shell dimensions. Actual shells rarely, if ever, satisfy the last two requirements and so the question arises as to how the initial outof-roundness should be measured.
3
The assumption that failure ooours (appearanoe of visible lobes) when the most highly stressed points in the cylinder start to yield. Actually, failure does not occur until plastic regions form at the trough and crest points of the lobes. The pressure required to produce these yield zones is greater than that at which the most highly stressed points begin to yield and neglect of this effect therefore underestimates the strength of the shells. An adequate theory to take this effect into account has not been developed as yet, but, as for beams, presumably the ratio of the pressure to cause first yielding to the pressure required for the formation of plastic regions depends on the relative magnitudes of the direct stresses in the cylinder wall and the bending stresses resulting from initial out-of-roundness. 4 The assumption that Poisson's ratio is a constant and equals 0.3.
As it is intended to apply the analyses developed for unstiffened oylinderB to stiffened cylinders which failed by buckling between ring stiffeners, it would be well if we enumerated the additional assumptions that were made. These are: 5 That the stiffening rings at the ends of any bay are perfectly circular; i.e., they do not have any initial out-of-roundness. This never occurs in practice, of course, but should not be too serious if the ciroularity of the stiffening rings is very much better than that of the shell, or if the predominant mode of initial out-ofroundness in the rings is very different from the predominant mode in the shell. 6 As for unstiffened cylinders, the circumferential membrane stress in the perfect cylinder is assumed to be -pR/h, whereas it actually varies along the length of the shell. A more correct representation of the stress distribution would be obtained by using the analysis of von Sanden and Giinther (9), or more accurately still, that of Salerno and Pulos (10).
Methods or Detebmininq Initial Out-of-Roundness
As mentioned hitherto, the analyses assume that the initial out-of-roundness is symmetrical about the mid-length of the shell and that its circumferential variation is in the shape of one of the buckling modes of a perfect cylinder. Actual shells do not meet either of these requirements. If we do not make a harmonic analysis of the initial out-of-roundness, and also extend the theory to account for the various harmonic components, the question arises as to how we shall measure the quantity e, which is defined in the analysis as the maximum initial out-of-roundness when its shape is similar to one of the buckling modes. As far as the authors are aware three simplified, semiempiricai methods for determining the initial out-of-roundness have been proposed in the literature so far. These are (see Fig. 1 ): mined. Then the angle r/m, where m is the number of lobes into which the perfect cylinder would buckle, is calculated. A sector of a circle, subtending this angle r/m is then drawn on transparent paper and placed with its apex at the centroid of the initial circularity contour. The sector is then rotated so that it traverses the entire circumference of the circularity contour until the location is found at which the maximum difference between the two sector radii occurs. The initial out-of-roundness is then taken as this maximum difference. This method of determining the initial out-of-roundness is essentially that proposed by Saunders, Trilling, and Windenburg (11, 12) .
(6) Both the centroid and the area of the initial circularity contour are determined. The radius R m of the circle whose area is the same as that of the initial circularity contour is then determined. A circle, with center at the centroid of the initial circularity contour and of radius R n , is then drawn.
The initial out-of-roundness is then taken as the maximum value of [R, -R n ] and [R" -R t ], where R, and ft, are the radius vectors from the centroid to points on the initial circularity contour which are exterior and interior, respectively, to the circle of radius ft m . A method for determining the initial out-of-roundness similar to the foregoing has been suggested, among others, by Bodner and Berks (3).
(c) As in (6) both the centroid of the initial circularity contour and the radius ft" of the mean circle are determined. AIbo, as in (a), the angle r/m is calculated. The arc length of one half-lobe is then obtained as (w/m)R m . This arc is then moved around the initial circularity contour with its end points always in contact with the contour. The initial out-of-roundness is then taken as the maximum radial distance between the circularity contour and the arc. This method for determining the initial out-of-roundness is somewhat similar to the method proposed by Holt (5) .
Numerical Results
In this section we present the resultB obtained by applying the analysis developed for simply supported imperfect cylinders (3), and its extension to clamped ends, to nine steel welded cylinders that have been tested at the Taylor Model Basin. At failure, all these models had lobes which partially covered the circumference Table 2 . The first six models in this table were tested some 20 years ago by Windenburg and Trilling (II), although they did not investigate theoretically the effect of initial outr-of-roundness on the collapse pressure. The last three models, which are multibay cylinders, have been tested recently at the Taylor Model Basin (13, 14) .
A comparison of columns 6 and 8 in Table 2 shows a considerable discrepancy between the experimental and theoretical buckling pressures for even the simply supported cylinders. For some models, it would also appear that axisymmetric yielding rather than buckling was the controlling mode of failure. This can be seen by comparing columns 8 and 10 in Table 2 . However, it will be seen later when out-of-roundness is taken into account that the theoretical pressures for buckling-type failures are lower than the axisymmetric yield pressures. It is also of interest to note that Models 42 and 61 are the only models for which the experimental buckling pressures are higher than those predicted theoretically for simply supported cylinders, although the same supports were used for these two models as for the four models preceding them.
Using the geometric ratios and yield points shown in Table 2 aDd Equations [11] and [12] in Table 1 , it is possible to construct curves showing the relation between the pressure at which yielding first occurs in the cylinder wall pv , and the ratio of the initial outof-roundness to the shell thickness e/h. Two such curves are shown in Fig. 2 for illustrative purposes. In constructing these curves, the value of m used in Equation [12] was the value of to which minimised Equation [11 ) in Table 1 . These valueB of m are listed in parentheses in columns 8 and 9 of Table 2 . These values of m do not actually give the minimum p" for a given e/h. This point will be discussed later. It also should be noted that for e/hsome of the curves in Fig. 2 do not attain the elastio buckling pressures tabulated in columns 8 and 9 of Table 2 .
When this is found to occur it means that the pressure to cause axisymmetric yielding of. the shell is lower than the elastic buckling pressure.
In Table 3 are tabulated the maximum e/A-values obtained using the different methods for determining the initial out-ofroundness described earlier. The e//i-values were determined at mid-length for the unstiffened cylinders and at mid-length of the bays for the multibay cylinders. Two values are listed for each model under methods (a) and (e) because, in these methods, the number of lobes into which the perfect cylinder would buckle is used and bjis number is usually different for simply supported and clamped endB. Now, selecting the experimental buckling pressures listed in column 6 of Table 2 in conjunction with their corresponding eccentricities listed in columnB 2, 3, and 6 of Table 3 , one can plot points on curves similar to Fig. 2 which represent values determined experimentally. In Table 4 we also give a numerical com- Table 3 in conjunction with the theoretical p" versus e/h curveB similar to Fig. 2 . The last three columns in Table 4 show the ratios of theoretically predicted pressures for the occurrence of a visible lobe to those obtained experimentally, according to the. various methods used for determining the initial out-of-roundness. The average values of these last three columns, classified according to whether the cylinders were stiffened or not, are tabulated in Table 5 . It can be seen from Tables 4 and 5 that use of method (a), with the assumption of Bimply supported ends, was the most conservative in most cases and predicted pressures which were always below those obtained experimentally. However, the best correlation between the experimental results and the simplified theories discussed in this paper appears to be obtained when method (r) is used for determining the initial out-of-roundness and the cylinders are assumed to be simply supported.
It was mentioned earlier that for a given e/h the value of m that would give the lowest p v was not necessarily the value of m which minimized the expression for por (Equations [11] in Table 1 ). It was also noted at that time, however, that the error obtained by assuming this to be so was not very great and also greatly reduced the computational labor. Some idea of the error involved can be obtained by referring to Fig. 3 . The curves in this figure are plots of m which minimize e/h for a given p". For a p v of 80 psi it can be seen that the minimum value of e/h is 0.34 at m = 18, while at m = 15 (the value which minimizes por ) the value of e/h is 0.4. However, if we now fix the value of e/h at 0.4, then the minimum value of p v is 75 psi and occurs at m = 19. Similar 180* (MID-LENGTH OF CYLINDER) Fio. 4 Typical Initial Circularity Contours for Model BR-i results are obtained with the other curveB and also with the m versus e/h curves for clamped-end cylinders which we have not included here. It is thus seen that assuming the value of m which minimizes por will also minimize pv for a given e/h is slightly on the unsafe side, the magnitude of the error depending on the value of e/h taken. However, owing to the fact that actual cylinders under hydrostatic pressure collapse in substantially the same number of lobes as is predicted by theory for the perfect cylinder, and also for simplicity in calculations, we have ignored this discrepancy.
It also will be remembered that in applying the analyses to stiffened cylinders we made the assumption that the stiffening rings were perfectly circular. This, of course, never occurs in practice. Some idea of thg degree of circularity actually present can be obtained by reference to Fig. 4 . ThiB figure shows the initial circularity contours of the stiffening rings bordering, and the shell at the center of oue of the bays in which lobes first appeared in Model BR-4. If we adopt method (c) described earlier as our criterion for initial out-of-roundnesa, then the stiffening rings of thiB model had about one tenth the'out-of-roundnesB of the shell.
Similar results also were obtained for the other models. Thus, for the problem of inter-ring collapse of stiffened cylinders, the assumption of zero initial out-of-roundness of the stiffening rings appears to be a reasonable one.
It might be thought that a harmonic analysis of the initial outof-roundness would show that the amplitude of the harmonic component corresponding to the value of m which minimized p"r (Equation [11 ] in Table 1 ) was many times that of the other components. To investigate this point a harmonic analysis, using 72 subdivisions of the circumference, was made of the initial circularity contour at Station 4 of Model BR-4 using Filon's method (15) . The number of waves into which a perfect cylinder with shell dimensions similar to BR-4 would buckle is, according to the linear theory used herein, 11 for simply supported ends and 12 for clamped ends. From the harmonic analysis it was found that there were nine harmonics with amplitudes greater than the eleventh and two greater than the twelfth. It also was found that the amplitude of the largest harmonic (m -8) was more than twice that of the twelfth mode and more than five times that of the eleventh mode. Further, even this largest amplitude was much too small to effect a reasonable correlation between theory and experiment. Thus the harmonic analysis of the BR-4 initial out-of-roundness contour did not produce any results which might be useful in practice.
In conclusion, it might be of interest to mention that some attempts have been made to determine experimentally the longitudinal form of the buckling displacemnts in the multibay cylinders. The results of these few investigations are summarized in reference (14) . However, more experimental work still remains to be done before any conclusions regarding the shape of the buckling displacement can be made.
Summary
In the preceding sections an attempt has been made to explain some of the discrepancies that exist between experimental and theoretical results for cylinders subjected to external hydrostatic pressure. To do this it was assumed that (a) the actual boundary conditions were Bomewhere between the extremes of simple supports and clamped ends; (b) the initial out-of-roundness was similar in form to one of the modes into which a perfect cylinder would buckle; (c) the Btress distribution in the equilibrium problem for the perfect cylinder could be represented by the membrane stresses; and (d) the linear small-deformation equations of equilibrium would describe the problem adequately. Any cold-working, residual, or welding stresses, or any elastic nonhomogeneity that might have been present were neglected. It also was assumed that failure (formation of a lobe) would occur when the stresses at the most highly stressed point satisfied the octahedral shear-stress criterion. Three simplified methods of measuring the initial out-of-roundness were also investigated. The simplified analyses, together with the different methods of measuring out-ofroundness, were applied to nine steel welded cylinders with lengthdiameter ratios of '/« to 2, thickness-diameter ratios of 0.0025 to 0.0065, and yield points of the steel of 30,000 to 60,000 psi. The correlation between experimental and theoretical results was quite good, when method (c) was used for determining the initial out-of-roundness of the cylinders.
